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Abstract: In this article, a non linear family of spaces, based on the energy 
dissipation, is introduced. This family bridges an energy space (containing weak 
solutions to Navier-Stokes equation) to a critical space (invariant through the 
canonical scaling of the Navier-Stokes equation). This family is used to get 
Oh I uniform estimates on higher derivatives to solutions to the 3D Navier-Stokes 

■ equations. Those estimates are uniform, up to the possible blowing-up time. 

The proof uses blow-up techniques. Estimates can be obtained by this means 
thanks to the galilean invariance of the transport part of the equation. 
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^ ■ 1 Introduction 

. In this paper, we investigate estimates of higher derivatives of solutions to the 

' incompressible Navier-Stokes equations in dimension 3, namely: 

dtu + div{u®u) + \7P - Au = te(0, oo), xG 

' divu = 0. 

■ The initial value problem is endowed with the conditions: 

u(0,-) = ^°ei'(K') 



(1) 



The existence of weak solutions for this problem was proved long ago by 
Leray [7] and Hopf [5]. For this, Leray introduces a notion of weak solution. 
He shows that for any initial value with finite energy e L'^{M.'^) there exists 
a function u S L°°(0, oo; L'^(R.^)) n L'^{0, oo; H'^{R^)) verifying (P) in the sense 
of distribution. From that time on, much effort has been made to establish 
results on the uniqueness and regularity of weak solutions. However those two 
questions remain yet mostly open. Especially it is not known until now if such a 
weak solution can develop singularities in finite time, even considering smooth 
initial data. We present our main result on a laps of time (0, T) where the 
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solution is indeed smooth (with possible blow-ups both at t = and t — T). We 
will carefully show, however, that the estimates do not depend on the blow-up 
time T, but only on ||m°||l2 and inf(i, 1). The aim of this paper is to show the 
following theorem. 

Theorem 1 For any to > 0, any ft bounded subset of (to, ao) x M.^ , any integer 
n > 1, any 7 > 0, and any p > such that 

->n + l, (2) 
P 

there exists a constant C , such that the following property holds. 

For any smooth solution u of (QP on (0,r) (with possible blow-up at and 
T), we have 

l|V"z.|U.(nn[(o,T)xE3]) < C (\\u^t}^^.]''' + l) . 

Note that the constant C does not depend on the solution u nor on the blowing-up 
time T . 

Note that for n > 3 we consider spaces with p < 1. Those spaces are not 
complete. For this reason the result cannot be easily extend to general weak 
solutions after the possible blow-up time. However, up to d = 2, the result 
can be proven in this context. For this reason, along the proof, we will always 
consider suitable weak solutions, following [5]. That is, solutions verifying in 
addition to ^ the generalized energy inequality in the sense of distribution: 

at^-Kdiv(^M^^+div(wP) + |VMp-A^ <0 t G (0,00), xgM^ (3) 

Moreover, by interpolation, the result of Theorem [T] can be extended to the 
whole real derivative coefficients, 1 < d < 2, for || A'^''^m||lp with 

4 
P 

Our result can be seen as a kind of anti-Sobolev result. Indeed, as we will 
see later, ||Vm||^2 is used as a pivot quantity to control higher derivatives on 
the solution. The result for d = 2 was obtained in a slightly better space, with 
completely different techniques by Lions [9^. He shows that V^u can be bounded 
in the Lorentz space 

In a standard way, using the energy inequality and interpolation, we get 
estimates on A'^/^w G i^((0, 00) x R^) for 

-=d+?, 0<d<l. (4) 
P 2 

The Serrin-Prodi conditions (see [Tl],[l], [T^) ensure the regularity for solutions 
such that A'^/^it g Lp((0, 00) x M^) for 

5 

-=d+l, 0<d<oo. (5) 
P 
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Those two families of spaces are given by an affine relation on d with respect to 
1/p with slope 5. Notice that the family of spaces present in Theorem [T] has a 
different slope. Imagine, that we were able to extend this result along the same 
line with d < 1. For c? = 0, we would obtain almost u £ i^((0, oo) x M.^), which 
would imply that the energy inequality ^ is an equality (see [17]). Notice also 
that the line of this new family of spaces crosses the line of the critical spaces 
^ at d= —1, 1/p = 0. This point corresponds (at least formally) to the Tataru 
and Koch result on regularity of solutions small in L°°(0, oo; BMO~^{M.^)) (see 
[B]). However, at this time, due to the "anti-Sobolev" feature of the proof, 
obtaining results for d < 1 seems out of reach. 

To see where lie the difficulties, let us focus on the result on the third deriva- 
tives. Consider the gradient of the Navier-Stokes equations ([T]). 

dtVu - AVu = -Vu • Vu - V^P - (u ■ V)Vm. 

Note that the two first right-hand side terms lie in L^((0, oo) x M'^) (for the 
pressure term, see [5]). Parabolic regularity are not complete in . This justify 
the fact that we miss the limit case L^. But, surprisingly, the worst term is the 
transport one {u ■ V) Vu. To control it in using the control on D'^u in 
of Lions [H], we would need u e L"^'^, which is not known. To overcome this 
difficulty, we will consider the solution in another frame, locally, by following 
the flow. 

The idea of the proof comes from the result of partial regularity obtained 
by Caffarelli, Kohn and Nirenberg [2]. This paper extended the analysis about 
the possible singular points set, initialized by Scheffer in a series of paper [TUl 
[TTl [T^ [13] . The main remark in [2] is that the dissipation of entropy 

V{u) = / / \yu\'^dxdt (6) 

has a scaling, through the standard invariance of the equation, which is far 
more powerful that any other quantities from the energy scale Let us 

be more specific. The standard invariance of the equation gives that for any 
{to,xo) £ M"*" X and £ > 0, if w is a suitable solution of the Navier-Stokes 
equations ([T]) ([3]), then 

u^{t,x) — eu{to + e'^t,xo + ex) (7) 

is also solution to ([T]) ([3]). The dissipation of energy of this quantity is then 
given by 

This power of e made possible in |2] to show that the Hausdorff dimension of 
the set of blow-up points is at most 1. This was a great improvement of the 
result obtained by Scheffer who gives 5/3 as an upper bound for the Hausdorff 
dimension of this set. We can notice that it is what we get considering the 
quantity of the energy scale (dJ) with d = 0,p = 10/3: 



T{u) = 
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Indeed: 

The idea of this paper is to give a quantitative version of the result of [5] , in the 
sense, of getting control of norms of the solution which have the same nonlinear 
scaling that V. Indeed, for any norm of the non linear scaling ([5]), we have (in 
the limit case) 

\\V-u4%=e-'\\V-u\\%. 

The paper is organized as follows. In the next section, we give some preliminaries 
and fix some notations. We introduce the local frame following the flow in 
the third section. The fourth section is dedicated to a local result providing 
a universal control of the higher derivatives of u from a local control of the 
dissipation of the energy ||Vu|||2 and a corresponding quantity on the pressure 
(see Proposition[Tni). Ideally, we would like to consider a quantity on the pressure 
which has the same nonlinear scaling as 2?(m). The corresponding quantity is 
IIV^Plli,!. Unfortunately, we need a slightly better integrability in time for the 
local study. This is the reason why we miss the limit case LP'°° with 

4 

- = n+l. 
V 

This is also the reason why we need to work with fractional Laplacian for the 
pressure: || A^'^V^PjliP with < s < 1/2. In the last section, we show how this 
local study leads to our main theorem. 

2 Preliminaries and notations 

Let us denote Qr = (— r^, 0) x where = P(0, r), the ball in of radius 
r and centered at 0. 

For F E L^'(R+ x R'^), we define the Maximal function in x only by 

MF{t,x) ^ sup [ \F(t,x + y)\dy. 

r>0 r-^ J Br 

We recall that for any 1 < p < oo, there exists Cp such that for any F G 
LP{R+ X R^) 

|A^-P'IIlp(K+xR3) < Cp\\F\\lp{R+xS.^)- 

Moreover, there exists a constant C such that for any F G L^(M+; 7-^(R'^)), 
(where H stands for the Hardy space), then 

I|A^-P'IIl1(R+xR3) < C'||-P'||l1(R+;H(R3)). 

We begin with an interpolation lemma. It is a straightforward consequence of 
a result in [l]. We state it here for further reference. 
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Lemma 2 For any function F such that {-A)'^^/'^F lies in (0, oo; L^i (M^)) 
and {-Ay^/^F e (0, oo; L^^ (R^)) ^ith 



di,d2 e M, 



1 < Pl,P2 < OO, 



1 < qi,q2 < OO, 



we have {-A)'^^^F E LP {0, oo; L'}{R^ j) with 

||(-A)'^/^i^||iP(0^oo;L9(R3)) 



|(_^)d2/2^|| 



1-e 

LP2{0,oc;Li2 (R3))' 



/or any d,p,q 



such that 



I _ e 1-d 

q qi 92 



I _ e 1-9 

P Pi P2 



d = edi + {l-9)d2, 



where < 9 < 1. 

Proof. Exercise 31 page 168 in [1 shows that for any < t < oo, we have 



In the second lemma we show that we can control a local norm on a 
function / by its mean value and some local control on the maximal function of 
(— A)~*V/, < s < 1/2. This extends the fact that we can control the local 
norm by the mean value and a local LP norm of the gradient. But due to the 
nonlocal feature of the fractional Laplacian, we need to consider the maximal 
function to recapture all the information needed. 



Lemma 3 Let < s < 1/2, q > 1, p > 1. For any (j> e C°°(M3), (j) > 0, 
compactly supported in Bi with J^n (p{x) dx — 1, there exists C > such that, 
for any function f £ L''{R^) with (-A)-"V/ £ ^^(R^) and \ J f(t>dx\ hounded, 
we have f G L^{Bi) and 



||(-A)''/2F(t)|U.(„3) < ||(-A)'^^/2F(t)||^p,(«3)||(-A)'^^/2F(i)|| 



i-e 

LP2 (R3)- 



Interpolation in the time variable gives the result. 



□ 



\\f\\LHB.)<c( [ f{xmx)dx +||M((-A)-^V/)|Up(b,) 



\ JR3 



) 



Proof. Let us denote g = (—A) '^V/. Since / £ L^(R'^), we have 



/ 



(-A)'^-Mivg. 



So, for any x £ Bi 
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and 



fix) - [ <f>{z)f{z)dz 

n [ [ ( {x-y)/\x-y\ {z-y)/\z-y\ 

Note that, for > 2, y e \ B2k-i , x e Bi, z G Bi, we have 



dydz. 



{x-y)/\x-y\ {z-y)/\z-y\ 



< 



C 



2fe(3+2s) ' 



Moreover 



|a;_y|2(l+s) |y_2|2(l + «) 

{x-y)/\x-y\ {z-y)/\z-y\ 



< 



m\9{y)\ 



|a;_y|2(l+s) |y_^|2(l+s) 



rf?/ dz dx 



B3 -Bi J B2 



H^My)\ 



dy dz dx 



sup|0||g(y)| 

y|2(l+s) 



dy dz dx 



since 2(1 + s) < 3. Hence 



< 



f- J ^{z)f{z)dz 

'l^{z)\g{y) 



Bi JBi JB2 



Z,i(Bi) 

{x-y)/\x-y\ {z-y)/\z-y\ 



f._2JBi JBi J (B^kXB^k-i) 



\x-y\Hi+s) |y-z|2(l+.) ^^^^'^^ 



|a;_y|2(l + s) |y_^|2(l + s) 



< 



< 



2C,||M5|Ui(B,)+C^ 



\9{y)\ 

2fe(3+2s) 



2C,||M5||ii(B,)+8C^2- 



-2sk 



fe=2 



|-B2'=+i 



+ u)\ dydu 



Bi J B^k+i 



< 2a||Af9|U.(B,) + C\\Mg\\L.(s,) J^i'^-'t 

fe=2 

<Cs\\MgUi^B^), 

whenever < s < 1/2. □ 

We give now very standard results of parabolic regularity. There are not 
even optimal, but enough for our study. 

Lemma 4 For any 1 < p < 00, to > 0, there exists a constant C such thai the 
following is true. Let f,g ^ LP{{—to,0) x M^) be compactly supported in Bi. 
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Then there exists a unique u G LP['~tQ,0]W^'^{M?)) solution to 

dtu- Au = g + dWf, -tQ<t<0, xeR^, 
u{-tQ,x) = 0, xeM.^. 

Moreover, 

\W\\LP{~to,0-Wi.p(Bi)) < C(||/||LP((-to,0)xR3) + lls IUj'((-to,0) xR3) )• (8) 

//.g e LH-^o,0;i°°(R3)) and f e L^-ta,0;W^''^{R^)), then 

l|w||L=°(-to,0)xR3) < C'(ll3llLi(-to,0;L~(R3)) + ll/llLi(-to,0;Wi.~(R3)))- 

Proof. We get the solution using the Green function: 

1 f 

u{t,x)= — — -3^2/ e (g(s,2/) + div/(s,?;))dyds. 

From this formulation, using that z"e~^ are bounded functions, we find that 

\u{t,x)\ < g ll/II^H(-«o.O)xB,) + ||gHL^(Mo,0)xB,) ^ > 2, -to < t < 0. 

(9) 

Standard Solonnikov's parabolic regularization result gives (see for instance 
[H]). Finally, if 5 G L\-to,0; L°°(R^)) and / e L^{~to,0;W'^'°°{R^)), then 
the function ^ 

v{t,x)^ I (|l<?(s)|U^ + |ldiv/(s)|U^)ds 
Jo 

is a supersolution thanks to ([5]). The global bound follows. □ 

The last lemma of this section is a standard decomposition of the pressure 
term as a close range part and a long range part. 

Lemma 5 Let B and be two halls such that 

BCCB. 

Then for any 1 < p < oo, there exists a constant C > and a family of 
constants {Cd.q \ d,q integers} (depending only onp, B_ and B) such that for 
any R G L^{B_) and A G [LP{B_)]'^^^ symmetric matrix, verifying 

-AR = divdivA, in B, 

we have a decomposition 

R = Ri + i?2, 
with, for any integer q > 0, d > 0: 

\\Rih.^-S)<C\\A\\L.^B), 

\\y''R2h^CB) < {WMlhb) + \\R\\w-..HB)) ■ 
Moreover, if A is Lipschitzian, then we can choose Ri such that 

\\Ri\\l^(b) < C (||VA|U»(B) + \\AU^(B)) . 
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Proof. 

Let S* be a a ball such that 

BCC B* CCB, 

with a distance between B and B*'^ bigger that D/2, where D is the distance 
between B and B^. Consider a smooth nonnegative cut-off function ip, < tjj ^ 
1 such that 

^{x) = 1 inB*, 
= in B". 

Then the function ijjR (defined in R^) is solution in to 

-A{iIjR) = divdiv(V'A) 

+RAtp + A : V^V 
-2div{VV' • A + RV^}. 

We denote 

Ri = (-A)-Mivdiv(V'A), 

i?2 = (-A)"^ [RAip + A : V^V - 2div{VV' • A + iJW}) • 

We have, on B, R = Ri + i?2- The operator (— A)~^divdiv is a Riesz operator, 
so there exists a constant (depending only on p and tp) such that 

II-Ri||lp(m3) < C||V'A||iP(R3) < C\\A\\lp(b}, 

||i?l||c«(M3) < C||V^A||c»(M3) < C(||VA||ioo(B) + ||A||ioc(B)) . 
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Using the fact that Vip and V^V' vanishes on B* U B^, we have for any x £ B: 

1 



V" 



\x - y\ 



{RAiP + A : V^V-) (y) 



+2 / V 



d+l 



1 



\x - y| 



< IIVVIIl-II^IIli(b) sup 

\x~y\>D/2 

+2||VV||L-l|Al|ii(s) sup 



\x - Z/| 



|2;-y|>I5/2 



V 



d+l 



\x - yl 



+ sup 

\x-y\>D/2 

+2\\R\\^,~^,l(B_) sup 

|x-y|>D/2 



k - yl 



V 



- y\ 



d+2 



I) 



d+l' 



\\A\\lhb) 

d+l / 2 \ <?+d+2' 



i Hi 



D 



3 Blow-up method along the trajectories 

Our result rehes on a local study, which was the keystone of the partial regularity 
result of [2]- (see [8] for an other proof). We use, here, the version of [18]. This 
version is better for our purpose because it requires a bound on the pressure 
only in in time for any p > 1. 

Proposition 6 \18}/ For any p > 1, there exists rj > 0, such that the following 
property holds. For any u, suitable weak solution to the Navier-Stokes equation 
(QP, (0], in Qi, such that 



sup I / \u{t,x)\ dx 

-l<t<0\JBi 



Vul^ dx dt- 



i\Jb 



\P\dx dt < ?7,(10) 



we have 



sup \u(t, x)\ < 1. 



As explained in the introduction, the proof of Theorem [T] relies on this local 
control. From there we can get control on higher derivatives of u. We first show 
the following lemma. It introduces the pivot quantity. Note that the ideal pivot 
quantity would be || Vu|||2(^2-) + |1 V^P||li(li). This is because this quantity 
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scales as 1/e through the canonical scaling. However, to use Proposition [H] 
locally, we need a better integrability in time on the pressure. For this reason, 
we add the quantity on the pressure involving the fractional Laplacian. We get 
a better integrability in time on the pressure, at the cost of a slightly worst 
rate of change in e through the canonical scaling. Finally, due to the nonlocal 
character of the fractional Laplacian, the maximal function is used in order to 
recapture all the local information needed (see Lemma [3]). 

Lemma 7 For any Q < 5 < 1, there exists 7 > and a constant C > such 
that for any u solution to ([IP (0^, with G L'^(R"^), we have 

r [ (|M((-A)-*'/2v2p)|i+7 + |v2p| + \s/u\A dxdt 
Jo Jr3 ^ ^ 

Moreover, 7 converges to when 6 converges to 0. 
Proof. Integrating in x the energy equation ([3]) gives that 

\Vu\'dxdt<\\uYL2(MS), (11) 



together with 

I"IIl~(0,oo;L2(r3)) < \\u ||i2(R3). 

By Sobolev imbedding and interpolation, this gives in particular that 



lkllL4(0,oo;L3(R3)) ^ ^11^ IIl2(r3). (12) 

For the pressure, we have V^P G L^i^^) (sec Lions f9j). Indeed, 



= (v2A-i)V(a,u).vu,. 



For any i, we have rot(V7ii) = and div diU — 0. Hence, from the div-rot 
lemma (see Coifman, Lions, Meyer and Semmes 3 ), we have 

W^d^u ■ Vu,\\li(j^) < ||Vu|||2. 

i 

But V^A"^ is a Riesz operator (in x only) which is bounded from H to H. 
Hence: 

I|V^P||li(r+xr3) < C||V^P||li(r+.7y:(r3)) < C*!! Vu||^2(r+xr3)- (13) 
By Sobolev imbedding, for any < s < 1, we have 

||(-A)-^/2v2p|U.(„,^,i.(R3)) < C\\uYl^ (14) 
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for 

P 3 

we have also 

The operators (— A)^^/^V^9i are Riesz operators so, together with ([TT]) (IT^ . 
we have 

||(-A)-l/2v2p||^,/3(o,oo;ia/5(„3)) <C||w°||i.(K3)- (15) 

By interpolation with p^ . using Lemma [5] with = 1/(1 + 4s), we find 
||M[(-A)-*/2v2p]|Ui+.((o,^),„3) < C||w°||i.(„3) 

with 

J. 5s s 

= i—r^ 7 = 



l + 4s' ' l + 3s 

Note that 7 converges to when 5 goes to 0. This, together with ([1^)) and 
(fTTj) . gives the result. □ 

Let us fix from now on a smooth cut-off function < < 1 compactly 
supported in Bi and such that 

/ (l){x)dx = l. (16) 

For any e > 0, we define 

Ue{t,x)=l <j){y)u{t,x + ey)dy. (17) 

Note that e L°°(0, cx); C°°(M3)) and divw^ = 0. We define the flow: 

dX , 

— = s,A s,t,a;) 

OS (18) 

X(t, t, x) — X. 

Consider, for any < (5 < 1 and rf > 0: 

= ((t,a;) G (4e2,oo) X I i /" j f\s, X{s,t,x) + y) ds dy < ri* , 
where 

F\t,x) = |Af((-A)-^/2y2p^|l+7 + |y^|2 ^ [y2p|^ 

and 7 is defined in Lemma [71 We then have the following lemma. 
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Lemma 8 There exists a constant C such that for any 0<£<1,0<(5<1, 
and rj* > we have 



0||2(l+7) 



\Pir\<c 



(2e) 



Proof. Define for t > 4e^ 

F,'{t,x) 
We have 

/ / F^{t,x)dxdt 



\^ f f F\s,X(s,t,x) + y)dsdy. 



(19) 



4^2 

1 



{2eY 



4e2 Jb 



< 



{2eY 
1 

1 



B2e J-ie'^ Jie^ 




(2e) 



B2e J-ie^ Jie^ 


ds dy 

B2, J -46^ 



F\t + s,X{t + s,t,x) +y) dsdydxdt 
F^{t + s,X{t + s,t,x) +y) dxdtdsdy 
F^{t + s, z + y) dz dt ds dy 
F\t,z)dzdt 



= r f (|Af((-A)-*/2v'P)|i+^ + |Vup + |v2F|) dxdt. 

In the second equahty, we have used Fubini, in the third we have used the fact 
that X is an incompressible flow. In the fourth equality we did the change of 
variable in {t^z) 

t = t + s z_ = y + z. 
We then find, thanks to Tchebychev inequality, 



F^it,x) > 



^ j;;^ j^,F,\t,x)dxdt 

2(2e)4 " 



r] s 



< 2^ 



.4-5 



We conclude thanks to Lemma [T] □ 

We fix (5 > 0. For any fixed {t,x) G fl^ with t > 4e^, we define 
(depending on this fixed point (i, x)) as functions of two local new variables 
{s,y) G Q2-- 

Ve{s, y) — eu{t + e^s, X{t + e^s, t, x) + ey) 

-eu,{t + e^s,X{t + e^s,t,x)), (20) 

P^(s, y) = e'^P{t + e^s, X{t + e^s, t, x) + ey) 

+eyds[u^{t + e^s, X{t + e^s, t, x))]. (21) 

We have the following proposition. 
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Proposition 9 The function {ve, Pe) is solution to (QP (0) for (s, y) G (—4, 0) x 
R^. It verifies: 

[ <P{y)v,{s,y)dy^O, s > -4, (22) 
/ / \Vv,\^dyds<r,*, (23) 

J -A J B2 

f I \V^P,\dyds<r,\ (24) 

J -A J B2 

f f |M[(-A)-''/2v2p,]|i+Tdyds< 77*. (25) 

J -A J B2 

Proof. The fact that (w^, P^) is solution to H]) ([3]) and verifies (|22p comes from 
its definition ([201), (ED), (HSl) and ([171). We have 

/ (|Vi>e|' + |V2p,|)dyds+ / \M[{-/^)-"^V^P,]\^+^ dyds 

JQ2 JQ2 

= f (e4(|Vu|2 + |v2p|) + e(4-5)(i+7)|A/[(_A)-*V2v2p]|i 



-2„ x^/j. I _2 



(< + e s,X{t + e s,t,x) + ey) dy ds 



I (|Vu|2 + |v2p|+Af[(-A)-*/VP]i+^) 

(s, X(s, t, x) + y) 

(26) 

In the first equahty, we used the definition of and P^, in the second, we 
used the change of variable {t + e^s, ey) (s, y) (together with the fact that 
6 < 4 and 7 > 0), and the last inequality comes from the fact that (s, y) lies in 

ni. □ 

Our aim is to apply proposition[6]to Vg. It will be a consequence of the following 
section. 



4 Local study 

This section is dedicated to the following Proposition. 

Proposition 10 For any 7 > and any < S < 1, there exists a constant 
rj < 1, and a sequence of constants {Cn} such that for any solution (u, P) of 
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[Ij) in Q2 verifying 



4 Jb 



(t){y)u{t, x)dx^Q, t> -4, (27) 

\Vu\'^ dxdt <ri, (28) 

/ I \V^P\dxdt <j], (29) 

f f \M[{~A)-^/^V^P]\^+^ dxdt <r], (30) 

J-4 Jb2 

the velocity u is infinitely differentiable in x at (0, 0) and 

|V"u(0,0)| < Cn. 

Proof. We want to apply Proposition [6l Then, by a bootstrapping argument 
we will get uniform controls on higher derivatives. For this, we first need a 
control of u in L°°{L'^) and a control on P in L'^~^-^{L^). The equation is on 
VP (not the pressure itself). Therefore, changing P by P — J^^ (f>P dx we can 
assume without loss of generality that 



(x)P(t, x) dx = 0, 



-4 < t < 0. 



To get a control in L^^"'{L^) on the pressure it is then enough to control VP. 

Step 1: Control on u in L°°{L^/'^) in Q3/2. Thanks to Hypothesis 
there exists a constant C, depending only on (p, such that for any —4 < t < 

lk(i)llL«(s.) <C||Vii(i)|U.(B,). (31) 

So 

• V)M||ii(_4^0;L3/2(B2)) ^ C*!! Vw|li2(Q2) ^ <^^- 

We need the same control on VP. First, multiplying ([T]) by 4>(x), integrating in 
X, and using Hypothesis ((27|) . we find for any —4 < t < 



x){u ■ V)udx + I (i){x)VPdx - I A(f>udx = 0. (32) 



So 



But, as for 





<c{ 




Li(-4,0) ^ 



< C (||Vu||i.(Q^) + I|w||l2(-4,0;L6(B2))) < CV^- 



VP- / (jiVPdx 



L1(-4,0;L3/2(S2)) 



<C||V2P|U.(Q,). 
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So, finally 

\\\{u ■ V)u\ + |VF|Li(_4,o;L3/^(B,)) < Cv^. (33) 

Note that 

3 m 3 1 \u\^ 

2|y|i/2^*^- 2|u|i/2^* 2 

3,. / 3 iVuP 3 iVlul 

-Au = -div — -7-Vu ' 



2|u|i/2 2 V|wP/2 J 2|u|i/2 4 |u|i/2 

< A|u|3/2, 

since |V-u| > |V|u||. 

We consider ipi G C°°(M^) a nonnegative function compactly supported in 
Q2 with -01 = 1 in (53/2 and 

iV^V'il + lV^.Vil <c. 

Multiplying llj by {3/2)^i{t,x)u/\u\^^'^ and integrating in x gives 

d 
di 

< f (|at^i| + |Ai^i|)|M|3/2dx 



iJi{t, x)\u\^/'^ dx 



< J{\dtH + \^i^i\)H'^^dx 

+ ^(^lMt,x)\u\'/'dx^ ' ||((M.V>i + VP)||i3/.(B,) 



with 



Thanks to ^ and (|33l) 

I|Q!||li(-4,0) 

Denoting = 1 + J V'l (i, dx, we have 

r < oY, y{-^) = 1. 

Gronwall's lemma gives that for any —4 < t < we have 

Y{t) <exp([ a{s) ds 
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Hence, for 77 small enough: 



Il-(-(3/2)^0;L3/2(B3^^)) 



(34) 



Step 2: Control on u in L°°{L'^) in Qi. 

We consider i(;2 & C°°(M^) a nonnegative function compactly supported in 
Q3/2 with -02 = 1 in Qi and 

|Vt,,V2| + |V2,V'2| <C. 

Multiplying inequality ^ by ?/'2 and integrating in x gives 



— I / -02 rfa; 

equalities (pij) together with ([55)1 and Sobolev imbedding gives 

II |up + P||li(-(3/2)^0;L3(S3/.)) < Cf^^. 

Together with ([34l) . this gives that 

I|w||l-(-1,0;L2(Bi)) < Ct?^/''. 



(35) 



Step 3. L°° bound in (5i/2- We need now to get better integrability in time 
on the pressure. 

From ([32]) and dSS]), we get 



ix)VPdx 



L2(_i,o) 

With Lemma |3] and ([30)) . this gives for 7 < 1 

I|VP||li + t(-1,0:L1(Bi)) < C^/^. 

Together with ([35]) . ([28]) . and Proposition^ this shows that for 77 small enough, 
we have 

|u| < 1 in Qi/2. 

Step 4: Obtaining more regularity. We now obtain higher derivative es- 
timates by a standard bootstrapping method. We give the details carefully to 
ensure that the bounds obtained are universal, that is, do not depend on the 
actual solution u. 

For n > 1 we define r„ — 2^""-^^, S„ = Br„ and (5„ — Qr„- We denote also 
such that < ^„ < 1, e C°^'{R^), 

i^n{t,x) = 1 {t,x) G Q„, 

= {t,x) eQl_i. 
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For every n we have 

(9tV"M + divAn + Vi?„ - AV"u = 0, (36) 

with 

^„ = V"(u®w), R„ = V''P. 

So we have 

II^"IIlp(Q„_i) - ^"ll'"llL2p(-r2_j,0;W".2p(B„_i)) (^''') 

and thanks to Lemma O we can spht Rn as 

R„ = Rl.n + R2,n, 

with 

I^1."IIlp(Q„_i) - '^"II"^"IIlp(Q„_2)' i^^) 
|^^2,n|lil(_r2_i,0;W2>°=(B„_i)) ^ ^" (H^" Hi^Wn-a) ' ' ' (Q„-2) ) 

<C^n(P„|li.(Q_^)+l). (39) 

Moreover we have: 

= -div(A„i^„) + VV„A„ 

+A^„V"w - 2div(V^„V"u) 

+(ftV^„)v"u. 

Note that ^„V"it = on aQ„_i. So 

^„V"U = yi,„ + V2,n (40) 



with 



and 



5tyi,„ - AVi^n - -div(A„^„) + VtpnAr. 
-V(V^„i?i,„) + (V^„)ii'i,„ 
+AV^„V"m - 2div(VV^„V"u) 
+ (at^jV"« 

— F 



V2,n = iort = -rl_,. 
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Thanks to ^ and we have 
So, from Lemma m 

\\Vl.n\\ LP(_rJ_j,0;Wi.P("B„_i)) - ^W^riW LP {-rl_^,Q;W "^-p (R^)) i 
||V2,n||ioo(_r2_^_0;lVi.~(B„_i)) - II V'n Vi?2,n || Li (-^2 _ ^ (R^)) 
+ C||i?2,n(V?/'„)|lLi(-r^_iW'i'°°(R^)) 



< C„ (^1 + ll'«||^2p(_r2_^^0;lV">2p(B„_2)) y ' 



where we have used ([57]) and ([HS)) in the last hne. 

Hence, from pO| and using that ?/'„ = 1 on we have for any 1 < p < oo 

l|V"u||^p(_^2 o.,4.i,p(B^)) < C„ (^1 + ||M||^2p(_r2_^ n;W"'2p(B,^_2)) 

By induction wc find that for any n > 1, and any 1 < p < oo, there exists a 
constant Cn.p such that 

ll^llL2""p(-r2 ,0;W"'2-"p(-B^-|) < Cn,p- 

This is true for any p, so for n fixed, taking p big enough and using Sobolev 
imbedding, we show that for any 1 < q < oo, there exists a constant Cn,q such 
that 

ll^lll,<!(_r2_|_^,0;W".°°(B„+i)) — ^ri,q- 

As ([57)) . we get that 

ll^«llLi(-r2^3,0;W2.°°("B„+3)) - 

Thanks to Lemma [5l we get 

l|-Rl,n|lil(_r2^^^0;Wi.~("B„+4)) - 
l|-R2,n|li,l(_r2^^,0;Wi.°=(B„+4)) - ' 

Hence 

l|5tV"'"llLi(_r2_^4,0;L=("B„+4)) - 

and finally 



□ 
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5 From local to global 



Let us fix (5 > 0. We take rj* < rj and consider any e > such that < to- 
Then from Proposition [TOl and Proposition [9l for any {t, a;) e fif n {t > to}, we 
have 

|V>e(0,0)| <C„, 

where is defined by (|20p . But for any n > 1, we have 



V>,(0,0)=£"+^V"w(i,x) 



Hence 



{t,x) en\\V''uit,x)\ > 



Cri 



And thanks to Lemma [SJ This measure is smaller than 



^(ll"°lli^(«3) + h"|| 



0||2(7+1)\ A-S 



e 



We denote 



R=\l 



to 



For fc > 1, we use our estimate with = i? ''to get 



< 



g(i + ii"°iii^(l3) 

, 4-5 



So,forp<i^ 





P 






< 


{ 




Lp(n) 





RP 



fe=i 



< + Ci?M 1 + \\u%%tl]) E i?K^'-lTf ) 



fc=l 



1 - i?P "+1 ^ ^ 

The results holds for any S > which ends the proof of Theorem [TJ □ 
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